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o\ : 

^ ; 1 Introduction 

; 

. We study the existence of invariant (and even hyper invariant) subspace for weighted com- 

O \ position operator on L^([0, l]*^), 1 < p < oo, that means operator of the form 

Tf{x)=v{x)f{T{x)), 

^ ' with V e L°°{[0, 1]°') and r : [0, 1]^ [0, 1]"'. The aim is to give conditions on the weight v 
■ and the composition application r to obtain the exitence of such subspaces. 

What we can first say is that if r is not an ergodic transformation then there exists 
an invariant subspace. Indeed, if r is not ergodic, then there exists a Borel set, say Q, 
such that \n\ > 0, |[0,1]^ \ 1]| > and such that T{n) C fi. Hence TM C M where 
M. = Xn -^^([0, l]*^)- Recall that given a closed subset E of [0, 1]'', the subspace defined by 
{/ G L^([0, 1]'^) : f\E = 0} is called a spectral subspace. So, in other words, if r is not 
ergodic, then T has a spectral nontrivial closed invariant subspace. 

Therefore, from now on, we shall consider ergodic map r for the composition. In particular, 
T is measure preserving. We will also assume that r is a bijection. 



"Part of this work was completed while the authors were supported by the 2008 SUMIRFAS conference. 
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Also, if infa.g[o,i) \v{x)\ > then the operator T is invertible, and then the techniques 
of Wermer's theorem [12] apply. Such work was done by Bletcher and Davie in [T] when 
T is an irrational rotation t{x) = {x + a} for certain irrational numbers a and where the 
weight V does not vanish on [0, 1) and its moduli of continuity satisfies a given condition. 
MacDonald generalized this result in [IT], for a larger class of irrationals. 

We will use also along this article the discrepancy associated to an ergodic map. Here 
we recall some standard terminology and facts, further details can be found in [UllH]- Let 
consider, for u = (a;„) a sequence of real numbers in J = [0, 1) and E G I, the set 

A{N, E,uj) = ^{n; 1 <n < N , Xn e E}. 

Then the discrepancy associated to u is defined as 

A{N, [a,(3),u) 



Dn{uj) = sup 

0<Q</3<1 



N 



For a fixed x G [0, 1) let uj{x) = (r"(a;))„>i, we denote by = sup^g^ Dn{u!{x)). Also, 
if T is bijective, let uj'{x) = (r~"(a;))„>i and notice that Dn{uj'{x)) = Dj^{uj{t~^~^{x))) < 
D]\f. The Birkhoff ergodic theorem states that if r is ergodic then for almost all x, 
Dn{uj{x)) ^ as A^ ^ oo. Also it is known that for certain ergodic transformations r, the 
functions Dm{uj{x)) is almost constant, i.e. \imsup^_^^ sup^ Dn{uj{x))/ ini^ Dm{uj{x)) 
< oo. This is known to be the case for the irrational rotation. In this case, Dn —>■ a.s 
N ^ oo. 

The first part of the paper concerns our main theorem, that gives the existence of a 
hyperinvariant subspace for the weighted composition on -L^([0, 1]), assuming a hypothesis 
on the discrepancy Dn of the ergodic transform r. We then provide sufficient number 
theoretic conditions which guarantee that the discrepancy Dn of an irrational rotation 
satisfies the assumptions of our main theorem. The last part deals with generalization of 
this work to Lp([0,1]'^). 



2 Case one dimentional 

We introduce the class V C L°°([0, 1]) of functions on [0, 1] saying that f G P if there exist 
some positive constants Sq, . . . ,si, a constant C and map cij such that 

v{x) = Cl[{a,{x-x,)y', (2.1) 

1=0 

where Xi G [0, 1] and o"j(x) = x or cri(x) = |a;| for z = . . . /. Note that the absolute values 
may be needed for certain powers in order v to be defined on [0, 1]. We call this class 
the "generalized polynomials" (since we allow non-integer powers). 
The main theorem of this paper is the following: 
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Theorem 2.1 Let t be a bijective ergodic transformation of [0, 1] and v we consider 
the operator on L^([0, 1]), 1 < p < oo, defined by 



Tf{x)=v{x)f{T{x)). 



Then, if the discrepancy Dn of the sequence (t")„>i satisfies 



D, 



n 



o 




n 



) 



(2.2) 



for some e > 0, this operator has a hyperinvariant subspace. 

Proof : We want to construct a functional calculus based on regular Beurling algebra 
A^, associated to a subadditive weight w, as first appeared in Wermer [12] and then 
generalized by Davie in [5J . This algebra is defined as follows: 



We refer to [H chap. 5 §2] for details about this Banach algebra. The important property 
for us is that if the weight satisfies ^„>i w{n)/n^ < oo then the algebra is regular. 
For (j) G we define an "operator" as follows: 



We need to give sense to this definition. The operator T is not an invertible operator on 
L^([0, 1]), but since r is a bijection and v only vanishes in finitely many points, the inverse 
map (as well as the other negative powers of T) of T is well defined on the set of 
measurable functions. These are the maps that we will refer to when we write negative 
powers of T. Also since this series contains both positive and negative powers of T, if 
we want to obtain convergence of this series in some sense, then we need to "normalize" 
T appropriately. The correct "normalization" is to divide T by its spectral radius. Of 
course, this does not effect the validity of Theorem 12.11 For f G P, we can compute 
the spectral radius of the associated operator acting on -L^([0, 1]) {1 < p < oo), using P, 
Proposition 1.3] (this result was proved for p = 2 but a glance at the formula of T" shows 
that the same result is true for 1 < p < oo) : 





(2.3) 



r 



(T) = Cexp(j^\n(jj\^^\x-Xi\''^^ 
= C'exp(EU-^^(^^ + ^D), 




where, for i = . . . / 



Xi = Xi — Xi \iaxi and X- = (1 — Xi) — (1 — Xi) ln(l — Xi) 



(2.4) 
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with the convention that if Xq = or 1 then Xq + Xq = 1. Note also that 1 < Xi + X^ < 

1 + In 2 for alH G {0, . . . , /}, and that if Xi = 1 - Xq then X^ + Xq = Xi + X[. 

Thus from now on, we assume that the weight v in the formula of T in Theorem 12 .11 has the 

himv^x) = 1/Cexp (j2''i=oSii^i + -^D) n!=o('^*(^~^i))''" where ai{x) = x or ai{x) = \x\. 

In order to prove that the series fl2.3l) converges in some sense, we first need to compute 
estimates on the powers T" for n G Z. 
Estimation of the bounds of T", n G Z: 
We prove the following theorem 

Theorem 2.2 There exists a subadditive weight w satisfying ^„>i < oo such 

that forneN 

||T"/l|L.([o,i])<e-(")||/|U.ao,i]). 

Moreover, for t G (0, 1) there exists n{t) G N and a set Ef C [0, 1] with Et^ C Et^ for 
ti > t2 and \Et\ y 1 as t such that 

\T~''f{x)\ < 7^|/(r""x)| for all x G [0, 1] and n e N 

where ^ ^ 

sup - — < oo for n G N and sup - — < e"''-"^ for n > n{t). 

x€Et J-'n,x x€Et -'^n,x 

Proof : Let us first consider the particular case where the weight vanishes at one point, 
say Xq G (0, 1) and the power is equal to 1, i.e. we work with the weight 

v{x) = e^"+^"{x - xo). 

We will be able to give an upper bound for T"/ and ri G Z. 
An easy computation provide the following expressions of T"^: 

T"/(x) = e"(^"+^<')) UlZlir^x) - Xo)/(r"(x)) n > 1, 
and so we want to bound from above the quantity 

n— 1 
fc=0 

and bound from bellow (with a lower bound not zero!) the following 

n 

Ln,x = e<''^^'''^^\{\r-\x)~x,\. 

k=l 
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The easiest case is the one of the positive powers of T because we do not need to take 
care where v vanishes. 

The upper hound of the positive powers ofT: 

We choose 5i_r,. 62,71 > and ki,n = xo/Si^n, k2,n = (1 — xo)/S2,n G N to obtain a partition 
of the intervals Ii = [0,xq) and I2 = [xo,l). Let denote A„ = max(5i,„, 52,n) and 5n — 
min(5i „, 52,n) and assume that 

-^<l + r^. (2.5) 
On m n 

Let, for i = 1 . . . /ci „ and j — 1 . . . kj,n, 

nl{x) := ^{l <k <n] t''{x) e[{ki,n-i)6i,n,{ki,n-t+l)Si,n)} 
= tih<k<n; xo-t''{x) e [{i - l)Si,n,iSi,n)} , 
and := ti{'^ < k <n; r''{x) e [xo + {j - l)52,n,Xo + jS2,n)} ■ 

We have 

,, ii](x)-\ ^n] (x) ii'r(x)-\ \-n'j, (x) , , , , i, o, , 

= e"(^°+^o)5^;J 'S^^n 11^2 ^"^^"^ Ilk=2 

< gn(Xo+X^)^n J|fci,n j^nlix) J|kn ^n^ (a.) _ 

By definition of Dn we get, for i = 1, . . . , ki^n and j — 1, . . . , k2,n 

TJ^ ( Ti^- ix^ 
'^'-8,,n<Dn and ^^-52,n<Dn, 



n n 



and Dn > 0. 

n— >oo 



Thus, 

Let us look first at 

We use the asymptotical development of the gamma function: 

r(.) . ^ (1 + J- + ^ - ^ + 0(1/.^) 1 . (2.6) 

In the particular case of the factorial we obtain: 



n\ < f-V V27m ( 1 + — + ^-^1 < e {-XV^wn. 
- \ eJ V 12n 288n2 J - \eJ 



5 



Hence, using this and the fact that 6i^n 0, we get for n large enough: 

= exp \ n{Dn + 
= exp [n{Dn + 6i^n 



01, n 



1/2 In (1;^) 



1^ - + 1/2 ln(2vrxo) - 1/2 In + 1 



exp ( —uXq — nxo In (5i „ — ^^^(1 + xq In 6i „) 

+n{Dn + [1/2 ln(27rxo) - 1/2 ln5i,„ + 1]) 



< 


exp 


-nXo 


- nxo In 




exp 


-nXo 


- nxo In 


< 


exp 


-nXo 


- nxoln5i_„ 


< 


exp 


-nXo 


— nxo In 6n - 



<5l,n 



2raL)^ 



<5i, 
XQ ln(5i,, 

<5l,n 



-ln(5i, 
n5i „ In 5i 



Doing the same with /c2,n "we obtain: 

(fc2,J)"(^"+^^-) < exp (^-nX^ - nil - Xq) ln(5„ - 2nD^ 
Therefore it comes 



1 — Xq) ln5„ 

5n 



2nSn In Sn 



Un < exp ( n In 4^ - 2nDn-^ - 4n5„ In 5, 

V Oji On 



< exp 



In^ n 



2nDn'^ - An5n\n5n 



since, by (EISD, ln(A„/(5„) < ln(l + l/ln^n) < l/ln^n. 

We choose 5„ such that nSnlnSn/n^ is summable, a good choice is (5„ = l/ln^^'^^n. For 
this value of 5„ we set 



2nD„lni+^^ nln(lni+^i n) + 2^ ^^^^^ /" ' 

In n 



Hence, if 



Dn = 



where e is an arbitrary positive number, we get that Wxjr? is summable (we can change 
the ei if necessary). 

Fix e > and take ei < e, for the choice of Dn = 1/ In^^^ n (the choice of the power 3 + e 
will be clearer in the light of the lower bound) we obtain: 



w\{ri) = 2n(l + ei) 



In^ 



- — In(lnn) + 2n 



ln(ln 



n) 



n 



In 



l+ei 



n 
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Moreover, for any 77 > 0, we have for x large enough (depending on rj) 



\nx ^ 1 



X x^ ^ 

So with a good choice of ei we can obtain: 

Tl Tl Tl 

wi(n) < 4 ■ h 2 , < 6 ^, ,„ ■ 

In^+'/^n ln^+^/2^ In^+^/^n 

Let 

= 15-^^, (2.7) 

hence we get: 

Un < cxp{w{n)). 

Let us now see how to obtain a non zero lower bound. 
The upper bound of the negative powers ofT: 

We need to remove a little interval around xq. For a fix t > and n e N we work on the 
two subintervals Ii ~ [0, Xq — t/n^) and I'z — [xq + t/n^, 1). 
We define the set 

En,x,,t ^{xe [0, 1] ; \t-\x) - xol > t/v? VA; = 1, . . . , n}, (2.8) 
and E^^^t = {^n>i En,xo,t- Note that {E^Q^t)t>Q is decreasing. 

We have K,xo,t = ^l=iEn,xo,t,k with £;„,xo,t,fe ^ {x e [0, 1] ; \t-^{x) - xq\ > t/n^}. Then, 
using the measure preserving of r, we get: 

\-'^n,xo,t\ \-^n,XQ,t\ 



1 I '^k=l Eri'Xiut 



xo,t,k I 



> l-iELi2/^' = l-2i/ 



So \E,„t\ > 1 - En>i 2^^' = 1 - ^^V3 ^ 1- 
We work on E^g^f 

We define 52,n > and A;i_„, /c2,n £ N such that 

, xo - t/n^ l-{xo + t/n^) 
ki,n = — 7 and k2,n = 7 ■ 

We partition the interval /i with the step size and I2 with the step size ^2,71 ■ Once 
again we denote A„ = max(5i^„, 52,n) and 5„ = min(5i^„, 52,n) but we assume now that 

A„<5„+— V- (2-9) 
24 m n 

For i = 1, . . . , ki^n and j = 1, . . . , A;2,n let 

m\{x) := tl {1 < ^ < ^"^'(a;) e [(A;i,n - «)5i,„, (A;i,„ -2 + l)(5i,„)} 

= tl (1 < ^- < a;o - r-^'(a;) e [t/n^ + (i - l)5i,„,t/n3 + i5i,„)} , 
and m]{x) := ft {1 < A; < n ; t-'=(x) e [xq + i/^^ + (j - l)(52,n, a^o + ^/^^ + j(^2,n)} ■ 
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We then obtain 



Using the discrepancy we get, for i = 1, . . . , and j = 1, . . . , A;2,n 

- Kn < Dn and 82^, < D^^ 



Hence, 



n 



■fcl,n-l 





n.(-Dn + 5l,n) p 











n 



■fc2.n-l 



. /c = 

Let us look at the first term of the product: 

n(D,i+(5i^„) 



k=0 



?i(r>„+(52,„) 



nki,„-i ( t 
k=0 



+ k 



,/l,n-l r -T- — 



+ 1 



n(Z)„+(5i,„) 



r!,(D,i+(5i^„) 



Choose such that ^i^^n^ — > 00. Since for all x G [1,2] T{x) < 1, it comes 
Qi > I — I exp I n{Dn + (5i,„) InT ( h /ci.n 



But ^^al^ + ki^ri = xo/6i^n and (EJ]) give 



InT 



/27rxo/5i,n 

g^ln5i,„ - (1 - lnxo)g; + i ln(27rxo) - iln5i,„. 
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Hence we obtain 

Qi > f^^j exp{n{Dn + 5i,n)[-{xo/Sn + l/2)\n5,,n 

-Xo/5i,n + |ln(27rxo)]) 
= i^T^^"^^^'"^ ^Wi[h,n - xo/6n - 3/2]n{Dn + ln5i,„ - Xqu 

-nXoDn/6i^n + n/2{Dn + 5i,n) ln(27rxo)) 
= exp {-Xqu - nXoDn/6i^n + n/2{Dn + 5i,„) Inxo) 

exp (-[;^ + \]n{Dn + 5i,n) ln5i,„ + n/2(D„ + ln(27r^ 

> (4,)"(^"+'^-) exp (-Xon - nXoD„/5i,n + n/2(D„ + Inxo; 
exp {n{Dn + In (^) - nXo - + n/2(Z}„ + Inxo 

> exp {n{Dn + 5i,„) Int - nXo - ^^^^^ - 2n(L>„ + Inn^ 



> exp [n{Dn + A„) Int - nX^ - - 2n(D„ + A„) In-^ 

Doing the same with the second term of the product we get: 

> exp (n{Dn + A„) In t - nX'^ - "^^^ - 2n(L'„ + A„) In rv' 
Therefore it comes: 

/ 2nD \ 

Ln > exp \2n{Dn + A,) Int - - An{D^ + A,) InnM , 

and finally we obtain, using also (12. 9p : 

^ < exp(-2n(D„ + A„)lnt)exp(4n(L)„ + A„)lnra3+ 

2nDr, 



< exp(-2n(D„ + A„) Int) exp + 4n(D„ + 5„) Inn^ + 



Set W2{n) = An{Dn + (5„)lnn^ + , we want that W2{ri)lr? is summable. This is the 
case if 5„ and -D„ can be chosen such that 

All < 1 



<5n — In^+^n 

(L'„ + 5„)lnn < 

where e is an arbitrary positive constant. 
Thus, if 



and consequently we choose (5„ = l/W^^^n with ei < e, then W2{n)/n^ is summable. 
Moreover, it comes: 



1 ^ , \ f 

— < exp(-3 ^ In t) exp - 

/^n In^^ n V' 



n 2hn 2n 



' In^+^^n ' '^V21n2n 2\n^^'' n ln^+^-^^ n 
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Taking ei = e/2 we get: 
1 

-Lin m ' n 



— < exp(-3 ^ ^^^^^ Intjexp = exp(w(n)), 



with 

C„,t = exp (^~w{n) \nt 

(see (EZj)). We can remark that the cases a;o = and a;o = 1 are included in the previous 
work. 

Now assume that v{x) = exp(so(Xo + Xq)){(7q{x — Xq)Y'-' with (7o{x) = x or (7q{x) = \x\ 
and So > 0, i.e. we allow to have a positive power sq (note that the absolute value may 
be needed for this to make sense for certain powers sq). Then working as above we obtain 
that if the discrepancy of r satisfies condition (12. 2p then 

Un,x < exp(sow(n)) for all x G [0, 1) and 
l/Ln,x < C^°texp{sow{n)) for all x e E^^^f 

Now, assume more generally, that v{x) = exp (Yl\-QSi{Xi + X-)^ Y[\=oi^ii^ ~ Xi)Y'- as 

in (12. ip and (12.40 . We denote S = Yli=o^i- Then working as above we get that for all 

xeEt = n[^oE,^,t, 

^ <Cl,exp{Swin)), (2.10) 



Ln,x 

and we still have that lEA > 1. 

Furthermore, for all x G [0, 1) we also have 

Un,x < exp{Sw{n)). (2.11) 

From now on let w{n) = ^^i^^/4 ^ ■ Then w is subadditive, satisfies ^n>\ w{n)/n^ < oo, and 
w{n) /w{n) —>■ 0. This last condition implies that, for n large enough, say n > n{t), we get 
for X G Ef, 

-j^ <exp{w{n)), (2.12) 
and therefore, for / G L^dO, 1]) it comes 

||T"/||^,(^^) < exp(^(|n|))||/|U.([o,i]) for \n\ > n{t). (2.13) 

□ 

Definition of the functional calculus: For G and / G LP([0, 1]), using Theo- 
rem [22] we obtain 



\n\>n{t) \n\>n{t) 



e'"^'"'Ml/llL.([0,l]) < OO, 
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which shows that the series JZnez'^i''^)'^"' f converges absolutely in Wi^Et). If (j)^(T)f 
denotes the infinite sum Xlnez L^iEt) then notice that for < t2 < < 1 "we 
have that Ef^ C Ef^ and (^^^(T)/)!^;^^ = (j)^^{T)f. Since | Uo<t<i Et\ = 1, we denote by 
4>(T)f the function defined almost everywhere on [0, 1] such that {(f)(T)f)\Et = <P^{T)f for 
all < t < 1. 

We now give a second way of looking at (f){T)f. Let Sm = J2\n\<m^i^)'^^ f the 

partial sum of series Xlnez • ^^^^ prove that Sm tends to (j){T)f in measure. 
Let (kn) be an increasing subsequence of N and t„ G (0, 1) be a decreasing sequence tending 
to 0, and so Et„ y E with \E\ = 1. We proved previously that Sm 4>(T){f) in Wi^Et) for 
all t G (0, 1), and so we can choose inductively increasing subsequences of positive integers 
{kn)n ^ (^n)n — (^n)n ^ • • • such that {Sk{)n couvcrgcs almost everywhere on Et^ to the 
function {(piT) f)\Et. for all i. Thus the "diagonal" subsequence {Sk^)n converges almost 
everywhere to (f){T)f. This proves that every subsequence {Sk„)n of (S'„) has a further 
subsequence (S'fcn)„ wich converges a.e. to the function (j)(T)f. Since the measure of [0, 1] 
is finite, this proves that (S'„) converges in measure to 0(T)/. 

Properties of the functional calculus: We will show that the above functional calculus 
has enough properties to prove the existence of an hyperinvariant subspace for the operator 
T. Namely we will prove the following: 

Proposition 2.3 The above functional calculus satisfies: 

(I) There exists a non-empty set D C L^{[0, 1])\{0} such that for all (p G Ayj and f E D 
we have (p{T)f G Lp{\Q,1]). 

(II) If (pn ^ (p in and fn^fin Lp{[0, 1]) then 4>n(T)fn (p(T)f in measure. 

(III) Ifcpn^cp and f eD then 0„(T)/ ^ (/)(T)/ m Lp([0, 1]). 

(IV) Ifij e A^, f e D and S e {T}' then ^(T)(5/) = 5(^(T)/). 
(V) If(j),i!e A^ and f e D then 

0(T) (^(T)/) = (0^)(T)/. 

(VI) Ifi) eA^\ {0} and f G Lp([0, 1]) \ {0} satisfies i){T)f G Lp([0, 1]) then ■^{T)f ^ 0. 

Proof : (/) Let Gt = Ef = U^^q U„>i K,x„u (see (EH]) and (O)), we have \Gt\ j-^ 0. 
We consider the two sets 

Dt = {f eLP{[0,l]yj = on Gt} and D = Ui>oA. 

We remark that D is dense in Lp{[0, 1]) for p < oo. 

Fix f E D. There exists t > such that f E Dt. We claim that 

\T-"'f{x)\ < (sup -—) |/(r-'"(x))| for all m G N and x G [0, 1]. (2.14) 
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Indeed, if x G E^ ^^ ^ for some m G N and i G {1, . . . , /} then there exists k G {1, . . . , n} 
such that \t^''{x) — Xj| < t/m^. But 



T iX - Xi 



t""''{t-"'{x)) -Xi\ < ^ < 



so r-"(x) G C Gt. Thus /(r-'"(x)) = for x G ^^^^^^^ and hence (12141) is valid 

in this case. On the other hand, if a; G flmeN h'^^^ Em,Xi,t{= Et) then (12.141) is valid by 
f i27[3D This finishes the proof of fl27[4l) . 
Now fl27HD and fl2A2D imply that 



\T-'^f{x) \ < e""^""^ |/(r~'"(s)| for all m > n{t) and x G [0, 1]. (2.15) 
Combining (I2.14p . (12.151) and Theorem 12.21 we obtain that for f ^ Dt and G 



E 



m=~n(t) 
\m\>n{t) 



(m 



(j){m) 



^w(m) 



1 



LP([0,1]) 



LP([0,1]) 



< oo. 



Thus the series Emez '^("^)-^'"/ converges absolutely in L^([0, 1]) for / G -Df 
(//) We have for t G (0, 1) 



E„ 



\rn\>n{t) V^" 



LP{Et) 



< EH>nW I'/'nM - 0(m)|l|T-/„|U.(^,) + EH>nW |0M|||T-(/„ - /)|U.(^o 

< EH>nW ISM -^(m)|e-(H)sup„ ||/„|U.(^o 



Also, 



< 



|a„SUP„||/„|Up(b,) + ||0|U„||/n - /||lp([0,1]) 



m(t) 



5^ U(m) ||T™(/„-/)|U.(i,,)<E kM r"^llll/"-/llw])^0. 



m=0 

Finally, for x ^ Et we have 



m=0 



Z-/m=l 



iT-(/„-/)(x)i < e::!! 



-m) 



which converges to in measure as n ^ oo. Since 1 as t 0, the above estimates 

imply (//). 
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(///) For f e D there exists t > such that f E Df So 



,(T)/-0(T)/|U.([o,i]) < E 



— Z^7Tt=0 



-0)(m) 
- 0)M 



+ E 



\m\>n{t) 



|T™/|| 

I 



LP([0,1]) 



bn - 4>){m] 
'n - 0)(m) 



(by (127141) . fl2J[5D and Theorem [22]) 



1 



gw(|m|) 



LP ([0,1]) 



LP([0,1]) 



< 



Lf([0,l]) 



which imphes {III)- 

{IV) and (V") These two equahties are true for trigonometric polynomials. Since they 
are dense in A^, there exist (0„) and {ipn) sequences of trigonometric polynomials such 
that 0„ — > and ■i/'n — > ^/^ in A^. 

By (//) with fn = f we have 'ilJn{T){Sf) — > ip{T){Sf) in measure and furthermore, by 
(///), we have also S{ipn{T)f) S{il){T)f) in ([0, 1]). So {IV) is true. 
Since is a Banach algebra, we have (pn'^Pn (p'lp By (//) and (///) we get that 

^n{tpn{T)f) (t){'4){T)f) in measure, and also by (J/J), we have {(l)nipn){T) f {(t)ip){T)f 
in i:P([0, 1]). So {V) is true. 

(l^J) We take ip > Since ^/^ 7^ there exists to such that ?/'(e**") > 0, and by 
continuity of if), there exists an interval / of length 6 centered at to such that ip{e^^) > 
for all t on J. 

Let Rs be the rotation of angle S, and set ipk = ° R^-, i-^- '4'k{e^*) = ^'(e**^*"^'^''^). We 
recover the circle by successively shift / by the rotation Rs. Then, given N = E{2tt/6) + 1, 
we have E^o'^'s(^**) ^ ^ ^ ^ [0,27r). So we built a function on A^, positive on T, 

and in particular which does not vanish on T. This function has an inverse in A^- We 
get: 



N 



^{T)Y,MT)f = f. 



(2.16) 



fc=0 



Moreover, 



'^k{n) 



^J,y{e^')e—e 



inO ^^^^ (^Q 



AkS 



ijj{n), 



hence 



'ipk{T)f = Y.n&'^k{n)T'' f (in measure) 



e Enez '^{n)T'^f (in measure) 



AkS 



HT)f- 



Thus the equality (12.161) becomes 



N 



J2e''']^{T)^{T)f = f, 



,fc=0 
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which imphes, since / is not the zero function, that ip{T)f ^ 0. 

□ 

The hyperinvariant subspace: Since the Beurhng algebra is regular, there exist 0, ^ G 
with ■j/^, > 0, such that (pip = 0. Set 

M = {/ G L^([0, 1]) ; <P{T){Sf) = V5 G {T}'} , 

LP 

and Mhi = M . 

By construction Mhi is closed and hyperinvariant. It remains to show that Mhi is non 
trivial. 

First Mhi ^ LP{[0, 1]). Otherwise, take / G Lp([0, 1]) \ {0}, there exists a sequence G M 
such that /„ ^ / in L^. Then by (JJ) (and taking S = Id) we obtain (p{T)fn <P{T)f in 
measure and so (p{T)f = 0, which implies a contradiction by {VI). 

To prove that Mhi {0}, we construct a non zero element in Mhi- By (/) there exists 
geD such that ^'(T)^ G Lp([0, 1]). Then, by (Jl^) and {V), 

<P{T){SiP{T)g) = S{<P{T){iP{T)g)) = Sm){T)g) = 0. 

This finishes the proof Theorem 12. 1[ 

□ 

Remark 2.4 For a function f defined on [0, 1] one may introduce the mixing-class asso- 
ciated to f by 

J^f := {9 : [0, 1] ^ M ; there exist a partition of [0, 1], sayW-^Q [oj, aj+i) and 
c a permutation of this partition such that 6{x) = f{c{x))} . 

For example, for a G [0, 1], the function 6{x) = {x -\- a} belongs to Tx where we consider 
the partition [0,1] = [0, a) U [a, 1). If f is a bisection, 6 is too. Our main Theorem \2.1\ 
remains valid for more general weights v, namely if the functions x — Xi (1 < i < I) in 
the definition of v in h2. 1\) are replaced by functions 6i G J^x-xi ■ The spectral radius of 
the associated operator T does not change in this case and all the previously estimates are 
obtained again by working on permuted subintervals of [0, 1]. 

3 Example of ergodic transformation 

The most classical example of ergodic transform is the irrational rotation r(x) = {a; + a}, 
and we then obtain operator called Bishop-type operator. Davie [H] first proved that for 
almost all irrational number, namely the non Liouville numbers (they are dense in M with 
Lebesgue measure equals to 0), the Bishop operator associated to the weight v{x) = x has 
hyperinvariant subspace. Later result due to MacDonald ^ generalized the result to a 
larger class of weight but for the same kind of irrational numbers as Davie. In [7j, the work 
of Davie was generalized to a larger class of irrationals, but for the weight v{x) = x^ , with s 
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a positive real. A recent work of Chalendar and Partington p5] generalize the previous result 
for weight of the form v{x) = Y[^=i{^ ~ Pk}^'' with 7^ > for some irrationals (including 
some Liouville numbers). This operator includes the product of Bishop-operator. 

In this section we give sufficient conditions on an irrational number a such that the 
discrepancy of the ergodic transformation t{x) = {x + a} satisfies condition (12. 2p and 
thus our Theorem 12.11 applies. Recall that for a real number t we denote by < t > the 
distance from t to the nearest integer, i.e. < t >= min^g^ |t — ?t,|. Also recall that if 
is a non- decreasing positive function defined on the positive integers, then an irrational 
number a is said to be of type < if g < ga >> l/'0(g) for all g G N. This is a measure 
of "irrationality" of the number a. The smaller the function ip is, the "farther away" is a 
from the rationals; the larger the ip is, the "closer" a is allowed to be to the rationals. 
Using results in [H] we can prove the following: 

Proposition 3.1 Let a be an irrational number of type < ip where iP{q) = exp(g^/*^'^+'^^) 
for some e > 0. Then 



Proof : In order to prove this proposition we first recall the two lemmas in [HI pl22-123]: 
(a) The discrepancy of u = (na) satisfies 





for any positive integer m. 



(b) Let a be of type < ip- Then, 




We remark that the function h hh> 



tp(2h)lnh 
h 



is non-decreasing, so it comes 



e; 



•h=l 



m 



ip(2h)\nh 
h 



< 




Thus 
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and therefore we obtain 

D^\uj) = (J \ h — e tor all positive integers m. 

\m N J 

Now choose m = [ln^+^/^(iVln"^"'/^ A^)J to obtain that DN{a) = O (^^^3+773^) and finish 
the proof of the proposition. 

□ 

We recall the definition: 

Definition 3.2 The irrational number a is a Liouville number if and only if a is not of 
type < (f) for any power function (p, i.e. of the form (j){q) = (where n is a fixed positive 
integer). Equivalently, if for all integer n, there exist some integers p and q with q > 1 
satisfying < \a -- p/q\ < 1/q'^. 

Looking closer at the definition of type < tp, we remark that if a is of type < then 
\a —p/q\ > ^/{ip{q)q'^) for all p G N. Thus we can use the results in [7] to estimate the size 
of the set A of the irrational numbers a of type < -ip where "ipiq) = exp(g^/'^^"'"^)) for some 
e > 0. We have 

Proposition 3.3 For f(x) = l/ln^(a;/2) the f-Hausdorff measure of is zero. 
Furthermore, as soon as g converges faster than f to in , we have = 0. 

And we can explicit Liouville number for which the operator has hyperinvariant sub- 
space. 

Proposition 3.4 Let b > 2 be an integer, and let (un) be a sequence of positive integers 
satisfying, for n large enough, the two conditions 

^^ri + 1^ < Un+i with P3 = 

f,"n/{3+e) 

Un+1 < infe • 

Then the number a = X]n>o-'-/^"" ^'^ Liouville number of type < ip where ip{q) = 
exp(g^/(^+'^)) . For this choice of a we obtain by Proposition \3.1\ and Theorem \2.1\ that 
T has a nontrivial hyperinvariant subspace. 

Example: Taking 6 = 10 and m„ = n!, we obtain the classical example of Liouville number, 
and for this one the operator T has a nontrivial hyperinvariant subspace. 



4 Case higher dimension 

The previously described approach allows us to easily extend Theorem 12.11 to the case of 
weighted composition operators on L^([0,1]'^) for d a positive integer. We consider the 
operator 

T:LP([0,1]^) ^ LP{[Q,lY) 

f t-^ vfoT 
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where v G L°°([0, 1]'^) and r is a bijective ergodic transformation on [0,1]''. We assume 
that V and r can be written as 

= ]Xi=i'Vi{^i) and 
t{x) = (ri(a;i), . . .,Td{xd)), 

where f j G P for all i G {1, . . . ,d}. Such an example r of ergodic transformation is the 
rotation on the (i— dimensional torus with angle a = (cti, . . . , a^), defined by 

r : [0, 1]^ [0, 1]'^ 

X = (xi,. . . ,Xd) {{xi + ai},...,{xd + ad}). 

A vector a = (ai, . . . , a^) is said irrational if 1, ai, . . . , are linearly independent over Q, 
and if a is irrational, then the rotation r is known to be uniquely ergodic so in particular 
ergodic. For this ergodic transform it was proved in [2] that the operator has no eigenvalues 
for all irrational a, but it was not known about the existence of hyperinvariant subspaces. 
Also, MacDonald extends in [10] its first work to obtain hyperinvariant subspace for some 
Bishop-type operator with a non- vanishing weight v and an irrational rotation r. 

In order to apply the previous work, we remark that the only change is in the bounds 
of T", but considering these ergodic transformation and weight allows to easily obtain that 

||T"/IIl.([o,i].) < e'"^"^ II/IIl.([o,i]^) for ^ > 0, 
||T"/llL.(i,o < C^te"'"^-^ II/IIl.([o,i]^) for ^ < 0, 



where is defined as before but En^xo,t becomes 

En,xo,t = {xe [0,lf; \Tr\x)-xo\ > t/n^Vk = 1, . . . , n, z = 1 . . . 4, 



and assuming that 

sup Di n = O ( — 3^:^ — ) for some e > 0, 



l<i<d 



where Di^n denotes the discrepancy associated to r^. Under these assumptions we obtain 
to the existence of a hyperinvariant subspace for this operator. 

Remark 4.1 1. Theorem \2. 1\ should remain valid for more general weights v where the 
functions x — Xi in ^2. ij) are replaced by any function whose graph is the union of 
linear segments. However, some of the above calculations may become more technical 
when somebody tries to complete this task. 

2. In the higher dimensional case, our main Theorem \2.1\ (and the scheme of our proof) 
should remain valid when one considers more general maps r : [0, 1]*^ [0, l]'^ where 
the discrepancy is defined by replacing [a, (3) in ( li.ij) by Y\i=i['^i-> f^-d ■ -^'^ ^^^^ case 
one should need to create grids of [0, l]'^ using d-dimensional cubes in order to obtain 
the bounds of T" for n G Z. However, this may make the proof and the notation 
more tedious. 
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